This paper develops an approach for the integration of GPS, inertial measurements from accelerometers and gyros, and differential wheel speed sensors for land vehicle navigation. Incorporating differential wheel speed sensor information into land vehicle navigation provides a solution for eliminating large errors caused by vehicle motions while also reducing errors from sideslip. Extended Kalman and Unscented filtering algorithms are designed with a six degree of freedom model. In order to incorporate differential wheel speed information properly, the effective wheel radius must also be estimated as part of the overall estimation approach. Simulation results show the performance of the filters for cases of GPS/INS with and without the wheel speed sensor.
calibrate the dead-reckoning sensor drift. The fusion of GPS and dead-reckoning sensors counter limitations that exist in each, creating an advantage to using them in conjunction.
With the advent of less expensive INS sensors, especially Micro-Electrical Mechanical Systems (MEMS), it is now a reality to use these sensors for land vehicle navigation applications. These less expensive sensors do not perform as well as high-accuracy sensors in terms of drift and white-noise measurement errors, but are compensated for when combined with GPS. 6 The INS sensors considered in the present research include accelerometers and rate gyroscopes. Currently inexpensive MEMS accelerometers and gyros cost less than $30, with update rates on the order of 100 Hz. 3 The rear wheel speed sensors incorporated into the present research provides measurements of the vehicle's yaw rate and the velocity in the vehicle's heading direction. Wheel speed sensors currently exist as part of an Anti-lock Brake System (ABS), which is a standard feature on many present day land vehicles. 7 The wheel speed sensor integration into navigation systems to find position has been studied by Kubo and Gao. 8, 9 In this previous work two conditions must be met in order for the integration of the wheel speed sensor to produce valid results; the vehicle must operate on a flat road and no side slip may occur. 9 These conditions do not always hold, such as the large side slip that exists when a vehicle travels on a bumpy surface or off-road. Note that side-slip is also a function of yaw rate, speed, and vehicle weight distribution. Side slip occurs instantaneously, and is not easily modeled. Much research has been conducted into creating approximations for modeling side slip. 5, 10 Another method used to avoid the errors caused by side slip is to detect it and use an adaptive estimation algorithm that bypasses the wheel speed measurement when an unacceptable level occurs. An additional error source is created from pressure variations in the tire. This may be accounted for by including each wheel radius as a state variable. Without this, large errors occur when the rear wheel radii vary, such as the case of using a spare tire where the wheel radius may change over 5 cm.
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In navigation the most common method of integrating GPS and INS has been with an Extended Kalman Filter (EKF).
12 A well-known drawback of the EKF is that if the errors are not within the linear region, the filter may diverge. This is especially relevant with GPS/INS integration due to unknown attitude and inertial sensor calibration parameters a priori. One aspect of the EKF algorithm design is the method of how a measurement is processed, which may be categorized in two categories; loosely or tightly coupled. 6 Tightly coupled refers to when the measurement is directly used in the filter as it is provided by the sensor. Loosely coupled uses an estimated value of a current state in the filter that is found from the sensor output. The loose-tight coupling distinction is independent for each measurement used in the filter. As for a GPS sensor a tightly coupled configuration allows for position information to be provided with a minimum of only three satellite signals but also requires knowledge of variables used in the tracking loops that may not be readily available. 6 In the present research the GPS measurement is integrated into the EKF using a loosely coupled approach, in which a minimum of four GPS satellite signals must be available. This requires independent position estimates from GPS to be used in the EKF as measurements. Alternately, the differential wheel speed sensor measurements are used in a tightly coupled manner. This allows for no pre-processing of the measurements from the wheel speed sensors to be preformed and has been proven an effective approach by Carlson.
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In addition to the EKF an Unscented Filter (UF) is considered in the present research. The UF essentially provides derivative-free higher-order approximations by approximating a Gaussian distribution rather than approximating an arbitrary nonlinear function as in the EKF.
13 This provides several advantages over the EKF; a lower expected error, use on non-differentiable functions, no Jacobian matrix calculation and validity for higher order expansions.
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The organization of this paper is as follows. The various coordinate frames used in INS including transformations between frames are discussed in Section II. Section III provides the background for the attitude kinematics used in the estimation algorithm. The linearized equations are shown for the INS equations along with the measurement models for the inertial sensors in Section IV. The differential wheel speed sensor measurement model is defined in Section V. Section VI summarizes the states, measurements and linearized equations used to propagate the states in the filters. The EKF and UF algorithms are then defined in Sections VII and VIII. This leads to the simulation results and discussion of initial condition errors in Section IX.
II. Reference Frames
A. Earth-Centered-Inertial (ECI) Frame
The ECI frame is denoted by {î 1 ,î 2 ,î 3 } and the vectors described in this frame have superscript I (e.g., r I .) For the purpose of Earth based navigation this frame is considered inertial. This frame does not rotate with respect to the stars and has an origin at the center of Earth. Theî 3 axis is aligned in the direction of Earth's North pole, theî 1 axis is aligned in the vernal equinox direction and theî 2 axis completes the right handed system.
B. Earth-Centered-Earth-Fixed (ECEF) Frame
The ECEF frame is denoted by {ê 1 ,ê 2 ,ê 3 } and vectors described in this frame have superscript E (e.g., r E .) The ECEF frame has an origin at the center of Earth and is fixed to the Earth's motion, rotating with the Earth. For this frameê 3 =î 3 ,ê 1 is in the direction of Earth's prime meridian andê 2 completes the right handed system. In this frame theê 1 andê 2 axes are rotated by Θ from the ECI frame.
C. Transformation From ECI to ECEF
The transformation between the ECI and ECEF frame involves only a single-axis rotation aboutî 3 . This is defined by   
The angle Θ defines this transformation and can be found using the sidereal day. The solar The conversion from Universal Time Coordinated (UTC) to Greenwhich Mean Sidereal Time (GMST) is given by Meeus.
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D. Local North-East-Down (NED) Frame
The NED frame is denoted by {n,ê,d} and vectors described in this frame have the superscript N (e.g., r N .) This frame is used for local navigation due to the frame having an origin at the geodetic point of interest and the frame forming a plane normal to the surface of the Earth. Thed axis points to the center of the Earth, then axis points in the true North direction on Earth's surface andê axis points true East on Earth's surface. This coordinate system also has the advantage of allowing the acceleration due to the Earth's gravity to be entirely in thed direction.
E. Transformation From ECEF to NED
This transformation can be described as the combination of first a rotation from the ECEF frame to an East-North-Up (ENU) frame using latitude (λ) and longitude (Φ), and then a simple change in axes from the ENU to NED frames. This change in axes is described byn N =ê EN U ,ê N =n EN U andd N = −û EN U , allowing for a right hand system with the third component in the down direction. This rotation from ECEF to NED can be described with
F. Body Frame
The body frame is denoted by {b 1 ,b 2 ,b 3 } and is described by the superscript B (e.g., r B .) This frame is fixed to and rotating with the body of interest.
G. Transformation From NED to Body
This last transformation is found from a 3-2-1 Euler angle rotation from the body to the NED frame. This rotation is defined by φ, θ and ψ, which are roll, pitch, and yaw, respectively. The following equation defines this relationship, showing the attitude matrix from the body-frame to the NED frame:
cos θ cos ψ − cos φ sin ψ + sin φ sin θ cos ψ sin φ sin ψ + cos φ sin θ cos ψ cos θ sin ψ cos ψ cos φ + sin φ sin θ sin ψ − sin φ cos ψ + cos φ sin θ sin ψ − sin θ sin φ cos θ cos φ cos θ
H. Geodetic Coordinate System (LLH)
Geodetic coordinates are the navigational coordinate system used by GPS to navigate on the surface of Earth. Geodetic coordinates consist of latitude, longitude, and height (LLH), denoted as {λ, Φ, h}. Latitude is the angle from the equator to the position of interest on Earth. Longitude is the angle measured from the prime meridian around the Earth to the location. The height represents the difference from the Earth's ellipsoid to the location, which is also known as altitude. This ellipsoid is approximated in the World Geodetic System 1984 (WGS-84) model. 15 Pertinent parameters for this model are shown in Table 1 . These parameters are used in the transformation of coordinate frames from ECEF to LLH and back. This transformation is between different types of coordinate systems and thus has increased complexity from the attitude matrices that give the other coordinate transformations in this section. The transformation from LLH to ECEF is much simpler than the transformation from ECEF to LLH. The conversion from LLH to ECEF coordinates begins with the calculation of N , the length vector from the center of Earth's ellipsoid to the surface:
The ECEF coordinates can now be directly calculated using the following equations and the parameters from Table 1 :
J. Transformation From ECEF to LLH
The conversion back to LLH is more complicated and is shown in the closed form solution from Zhu 16 using the parameters of Table 1 :
For completeness, for the special case of being located at one of the Earth's poles, i.e. when w = 0, the height and latitude must be calculated as follows:
III. Attitude Kinematics
This section summarizes the attitude kinematics that are used in the filter design. The attitude matrix consists of (3 × 3) dependent components that map the rotation from one frame to another. The attitude matrix can be parameterized using a smaller set of elements to represent the matrix. Methods of parameterizations include Euler axis/angle rotations, Euler angles, quaternions, and the Gibbs vector. The parameterization chosen is problem dependent based which method is most advantageous. Each of the parameterizations are equivalent and may be converted between one another.
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In this paper the quaternion is used extensively in the filter design due to the advantage of the existence of no singularities, no transcendental functions, and because successive rotations may be taken by quaternion multiplication. The attitude parameterization of the quaternion uses a four-dimensional vector which must satisfy the constraint
The attitude matrix is related to the quaternion by the following equation:
in which
The cross product matrix, [̺×] , is an operator defined as
The attitude kinematics equation for the body to NED frame is given bẏ
The attitude kinematics equation for the NED to body frame is given bẏ
which is used to find the INS equations. From this, the quaternion kinematic relationship is given aṡ
with
Additionally the inverse quaternion is defined as
IV. INS Equations
The inertial navigation equations used to propagate the states in the filters are defined in the NED coordinate system and include the quaternion parameterization:
The following equations define the Earth's surface based on the latitude and longitude:
The local gravity can be calculated as
The inertial measurements used in this paper come from a 3-axis rate gyroscope and a 3-axis accelerometer. When modeling both of these sensors a bias drift and white noise must be included to accurately depict the sensor properties. The measurement model for the rate gyroscope is given bỹ
where b g is the gyroscope bias, and η gu and η gv are zero-mean Gaussian white-noise processes with spectral densities respectively given by σ 2 gu I 3×3 and σ 2 gv I 3×3 . The measurement model for the accelerometer in body coordinates is given as follows:
where b a is the accelerometer bias, and η au and η av are zero-mean Gaussian white-noise processes with spectral densities respectively given by σ 2 au I 3×3 and σ 2 av I 3×3 . The measurement taken by the gyroscope cannot be directly used in the INS equations but can be converted from the ECI frame to the NED using 
and ω N N/I is defined as
The acceleration in the NED frame is related to the acceleration in the body-frame from the relationship 
V. Wheel Speed Sensor Model
The model used to find the measurements for the speed of each of the rear wheels assumes the velocity in heading direction of the vehicle is entirely in the first component of the fixed in the body frame, so that
where C 1 is a constant that defines the time increment in which the number of wheel rotations are to be counted, and V b is an interim variable which takes the average value of the left/right wheel speeds and radii size. These variables are given by
where r L and r R are the respective left and right wheel radii, and |L| and |R| are the respective left and right wheel counts. Note that in the present research all wheel speeds measurements are found as the number of rotations per 100 seconds as defined in Eq. (28a). Due to the wheel speeds being tightly coupled, the wheel count per 100 seconds is the direct sensor measurement used in the filter and the wheel radii must be included as states. The velocity is next converted to the NED frame using the attitude matrix calculated from the quaternion:
The wheel count sensors also give the additional information of the yaw rate based on the difference in wheel rotation counts on the right and left side of the vehicle.
In this equation b = 1 (m) and is the half length of the vehicle's rear axle. The yaw rate can be related to the attitude of the vehicle by converting the rotation to the angular rate between the NED and body-frame by using the attitude kinematics relationship. This relationship is
Using this model the measurements for the wheel count on the left and right side can be determined: 
VI. Estimation Vector, Measurement Vector and System Model
The estimation vector for this study has 18 states, representing attitude, position, velocity, inertial sensor bias and wheel radii. When the alternate attitude parameterization of Euler angles are used, the four quaternion states are represented in three angles such as in the results section of this paper. The following vector displays these states:x
The attitude matrix from the body to NED frame is represented by the four states of a quaternion parameterization, q. Position has three states and is given in geodetic coordinates,
T . Velocity also consists of three states and is in the NED frame, v N . Both the rate gyroscope and accelerometer each have three states representing the biases ,b g and b a . The left and right wheel radii are the two remaining states, r L and r R . Measurements for 17-state filter are given bỹ
The system model is used by the filters for estimating the states from the measurements, predicting the covariance of the filter and to demonstrate observability. For the combined GPS/INS/wheel speed sensor the following equations represent the model used to propagate the states.
A 15-state filter is also used that does not incorporate wheel speed measurements. Wheel radii are not estimated in this filter. The state and measurement vectors for this filter is given bŷ
This filter is used to compare the results with and without wheel speed measurements. 
VII. Extended Kalman Filter Design
The 17-state EKF estimation algorithm for the GPS/INS/wheel speed sensor combination is summarized in Table 2 . This design uses the GPS position measurements loosely coupled and the wheel speed sensor measurements tightly coupled. The state-error, process noise vector and process noise covariance matrix used in the EKF estimation algorithm are defined as
where δα is the incremental attitude error.
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The sensitivity matrix for the EKF is defined as the partial derivatives of the states related to the measurements, given by
The partial derivatives of the position in ECEF coordinates with respect to the position in geodetic coordinates are found from a covariance mapping between these two coordinate systems, given by Ref. 6 :
where
The partial derivatives with respect to each of the states in this matrix are found for the left wheel from the wheel count measurement equation. A perturbation approach is used to approximate the partial derivatives for components of the attitude matrix. 18 This approach uses Eq. (41) to find the partial derivatives directly from attitude matrix components as opposed to taking partial derivatives of the Euler angle components from Eq. (3): ∆v
Using this approach the partial derivatives are
Similarly the partial derivatives for the right wheel are
The error dynamics for the EKF propagation are given as
of which the F and G matrices are defined as
The components of the F matrix are
∂v N p (47a)
In these components the partial derivatives for position are
and the partial derivatives for velocity are given by
(51b)
and In the estimation algorithm the assumed measurements for position from the GPS are modeled bỹ
where v k is a zero-mean Gaussian noise process with covariance R k . The filter is first initialized with a known state (the bias initial conditions for the gyro and accelerometer are usually assumed zero) and the error-covariance matrix. The first three diagonal elements of the error-covariance matrix correspond to the attitude errors. Then, the Kalman gain is computed using the measurement-error covariance R k and the sensitivity matrix. The state error-covariance follows the standard EKF update. The position, velocity, bias and wheel radius states also follow the standard EKF additive correction while the attitude error-state update is computed using a multiplicative update. 18 The updated quaternion is re-normalized by brute force. The propagation equations follow the standard EKF model.
TheṖ equation for the propagation of the covariance can be approximated by using discrete time propagation given by P
In this equation Q k is the discrete time covariance matrix and Φ k is the transition matrix. These can be numerically solved for by using Moler and Van Loon. 19 In this procedure the following (2n × 2n) matrix if first found:
From A the matrix exponential is computed:
From this equation the state transition matrix can be found from
and process noise covariance found from
VIII. Unscented Filter Design
The filter presented is from Wan, 20 derived for discrete-time nonlinear equations, in which the system model is given as
A continuous-time model can be written using Eq. (60a) with an appropriate numerical integration scheme. It is assumed that w k and v k are zero-mean Gaussian noise processes with covariance given by Q k and R k respectively. First the Kalman filter update equation is rewritten as
where υ k is the innovations process given by
The covariance of υ k is defined as P νν k . The gain K k is next found:
where P xy k is the cross-correlation covariance betweenx
The propagation equations begin with the calculation of the sigma points:
Note that there are now a total of 2n sets of sigma points σ k , from the positive and negative square roots. Each set of sigma points is evaluated through
The sigma points are combined to find the predicted mean for the state estimate by using a weighted sum of χ k+1 (i), given byx
This predicted mean is now used to find the predicted covariance:
The mean observation is given asŷ
The output covariance is given as
The innovations covariance can simply be found by
Lastly the cross-correlation matrix is found from
The parameters required in this algorithm are next discussed. The parameter γ is given by the following equation in which λ is a composite scaling parameter:
In this equation α is a constant which determines the spread of the sigma points and is set to a small positive number between, 1 × 10 −4 ≤ α ≤ 1. The scalar κ is chosen to be κ = n − 3 which minimizes mean-squared-error to fourth order.
The weights used in the covariance calculations are found from
Similarly to the EKF the Unscented filter requires the calculation of the discrete time state transition matrix and covariance noise matrix to add the process noise in the filter. This requires that the F and G matrix be calculated. The equation used to calculate the process noise is as follows:
This equation is known as the discrete time Sylvester equation and is solved with a Bartels-Stewert numerical algorithm.
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A. Unscented Filter Design for GPS/INS/Wheel Speed Sensors
This section discusses deriving the UF for specific GPS/INS/wheel speed sensor application. The estimation algorithm follows closely the UF filter description above, with a quaternion normalization procedure. When the predicted quaternion mean is derived using the averaged sum of quaternions the resulting quaternion may not have unit norm. This creates a situation in which the straightforward calculation in the UF is undesirable for the quaternion. A three-component vector representing an attitude error is used instead. To begin the state vector is defined as
where δŝ + k is a generalized Rodrigues error-vector, 23 used in propagating and update of the nominal quaternion. Because the three-dimensional attitude is unconstrained, the resulting overall covariance matrix is a 17 × 17 matrix. The three components of the vector χ k (i) are defined in Eq. (64) as χ δs k (i). To describe χ δs k a new quaternion is generated by multiplying an error quaternion by the current estimate:
The parameter a = 1 and the scale factor f = 2(a + 1). This sets χ δs k to give the standard vector of modified Rodrigues error parameters. Equation (77a) requires that the χ δs k (0) be set to zero. This is due to the reset of the attitude error after the update, which is used to move information from one part of the attitude to another. 24 Next the updated quaternions are propagated forward using Eq. (35a), witḣ
with the estimates of the angular rates given bŷ
where χ bg is formed from the gyro bias sigma points. The propagated error quaternions are computed using
Note that δq − k+1 (0) is the identity quaternion. The propagated quaternion is computed using
with δq
With this the predicted covariance can be computed:
(86)
IX. Simulation Results
In this section results are shown for a simulation run that estimates a moving land vehicle's attitude, position, velocity, rear wheel radii, and biases for the gyro/accelerometer inertial sensors. The total time of each simulation is 5 minutes with a measurement update rate of 0.5 seconds. The gyro and accelerometer noise parameters are σ gv = 2.9089 × 10 −7 rad/sec 1/2 , σ gu = 9.1989 × 10 −7 rad/sec 3/2 , σ gav = 9.8100 × 10 −5 m/sec 3/2 and σ au = 6.0000 × 10 −5 m/sec 5/2 respectfully. The vehicle position is described in geodetic coordinates, with an initial position located in Buffalo, NY at λ 0 = 42.7167 degrees, Φ 0 = 78.8667 degrees and height above sea level, h 0 = 150 meters. The velocity of the vehicle is given in the NED frame, with initially the vehicle being at rest. The initial quaternion of the vehicle is found using the attitude matrix from the NED to body-frame. The GPS constellation 6 uses GPS week 137 at a time of applicability of 61440.000 seconds. The number of available satellites is computed using a 15 degree elevation cutoff angle. The filter requires a minimum of 4 satellites with the loose coupling method used in the filter design. A greater number of satellite signals received results in greater precision of the position measurement. Clockbias drift is modeled using a random walk process and GPS measurements are found using white-noise errors with a standard deviation of 5 meters.
The land vehicle follows a track shown in The initial conditions for the filter are chosen to simulate road vehicle initial errors. The initial errors chosen mainly stress the EKF, testing the robustness of the filter design. In the EKF the initial covariance matrix is diagonal, with each component representing the square of the expected value of the error in each state. For each filter the initial variance of the attitude is set to a 3σ bound of 15 degrees and initial error values of 7 degrees for the attitude angles. The initial position was set to the true longitude, latitude and height. The variance for the geodetic angles was set to (1 × 10 2 . The UF uses parameters of α = 1, β = 2 and κ = −3. The results of this study compare the use of GPS/INS alone, i.e. the 15-state filter, to the case of GPS/INS with the wheel speed sensors, i.e. the 17-state filter, using both an EKF and UF estimation algorithm. This produces four sets of estimates which are compared for error convergence and robustness. Each estimation run is conducted using the same covariance, initial conditions and set of measurements. The results for the EKF attitude, position and gyro biases are shown in Fig. 2 . The attitude results from Fig. 2(a) and Fig. 2(b) show the 3σ bounds for the yaw component converges to a steady value within 10 seconds when the wheel speed sensors are used, over 20 times faster than when GPS/INS is used alone. For the case of only GPS/INS the yaw state is the least observable and with the addition of the wheel speed sensors this limitation is compensated. Additionally from the EKF attitude results the pitch component converges slightly faster and the roll is unaffected by the addition of the wheel speed sensors. The UF results for the states of attitude, position and gyro biases are shown in Fig. 3 . The UF attitude filter results from Fig. 3(a) and Fig. 3(b) show the same pattern as the EKF results but with slower convergence overall. In the position results for the EKF comparing Fig. 3(a) and Fig. 3(b) , shown is slightly faster initial convergence in all states with the addition of the wheel speed sensors but convergence to a steady 3σ error bound value in the same amount of time for both cases. For the case of position the UF produces very similar results to the EKF as shown in Fig. 3(c) and Fig. 3(d) .
From the results it seems the EKF provides overall faster convergence as well as having the benefit of requiring less computational power than the UF. This is true for very small initial state errors, but when testing for filter robustness the UF can handle far larger errors before the error diverges outside the 3σ bounds. When the filters are stressed from increasing initial state errors for the attitude components, especially in yaw, the 15-state EKF could handle much higher initial errors than the 17-state EKF before the estimates diverged. Errors as small as 3 degrees in yaw caused the corresponding error to drift beyond the 3σ bounds. This is seen in Fig. 2(b) for the 17-state EKF yaw component results for when the yaw initial error was set to 7 degrees. For the same initial error values in the 17-state UF from Fig. 3(b) the errors remain within the 3σ bounds. The UF is more robust in handling these initial attitude errors, with similar robustness results in both the 15-and 17-state UF. This indicates that the 17-state UF provides the advantage of faster convergence from the addition of the wheel speed sensors and does not have the decreased robustness as in the 17-state EKF.
X. Conclusion
This paper formulated an estimation algorithm by fusing sensor data from GPS, INS and wheel speed sensors for use in land vehicle navigation applications. Filter results for an EKF and UF were compared for cases of GPS/INS alone and with the addition of wheel speed sensors. Results show faster convergence with the addition of the wheel speed sensors for yaw, pitch and position in both types of filters. The robustness of the EKF with the use of the wheel speed sensors was found to be limited for large initial state errors. The UF filter provides increased performance for cases with large initial state errors along with the faster convergence from the addition of wheel speed sensors to the GPS/INS at the cost of increased computational time. 
